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Special Session 1: Qualitative Studies of PDEs: Entire Solutions and
Asymptotic Behavior

Peter Polacik, University of Minnesota, USA
Eiji Yanagida, Tokyo Institute of Technology, Japan

The aim of this session is to discuss properties of entire solutions and asymptotic behavior of global solutions
in various types of PDEs. Topics will include Liouville-type theorems, blow-up, traveling waves, convergence,
concentration phenomena, etc.

Stability analysis of asymptotic profiles for
fast di↵usion equations

Goro Akagi
Kobe University, Japan
akagi@port.kobe-u.ac.jp
Ryuji Kajikiya

Let ⌦ be a bounded domain of RN with smooth
boundary @⌦. We are concerned with the Cauchy-
Dirichlet problemfor fast di↵usion equations of the
form

@t

�|u|m�2u
�
= �u in ⌦⇥ (0,1), (1)

u = 0 on @⌦⇥ (0,1), (2)

u(·, 0) = u0 in ⌦, (3)

where @t = @/@t, m 2 (2, 2⇤) with 2⇤ := 2N/(N�2)+
and u0 might be sign-changing.Every solution u =
u(x, t) of (1)–(3) vanishes in finite time at a power
rate. This talk is concerned with asymptotic profiles
of vanishing solutions. We first introduce the notions
of stability and instability of (possibly sign-changing)
asymptotic profiles and present some stability crite-
ria. Moreover, we also discuss annular domain cases,
which do not fall within the criteria, by developing
some perturbation method for radial symmetric func-
tions.

�!1 ⇧1 �

Finite Morse index solutions and asymptotics
of weighted nonlinear elliptic equations

Yihong Du
University of New England, Australia, Australia
ydu@turing.une.edu.au

We study the behavior of finite Morse index so-
lutions of the equation

�div(|x|✓rv) = |x|l|v|p�1v in ⌦ ⇢ RN (N � 2),
(1)

where p > 1, ✓, l 2 R1, and ⌦ is a bounded or un-
bounded domain. Through a suitable transformation
of the form v(x) = |x|�u(x), the following nonlinear
Schrödinger equation with Hardy potential

��u = |x|↵|u|p�1u+
`

|x|2 u in ⌦ ⇢ RN (N � 3),

(2)
where p > 1, ↵ 2 (�1,1) and ` 2 (�1, (N�2)2/4),
reduces to a special case of (1).

We demonstrate that the general form (1) is more
natural to use even if one’s main interest is in (2).

�!1 ⇧1 �

Sharp decay estimates of Lq-norms for non-
negative Schrödinger heat semigroups

Kazuhiro Ishige
Tohoku University, Japan
ishige@math.tohoku.ac.jp
Norisuke Ioku, Eiji Yanagida

Let H = �� + V be a nonnegative Schrödinger
operator on L2(RN ), where N � 3 and V is a
radially symmetric nonpositive function in RN de-
caying quadratically at the space infinity. For any
1  p  q  1, we denote by ke�tHkq,p the operator
norm of the Schrödinger heat semigroup e�tH from
Lp(RN ) to Lq(RN ). In this paper, under suitable
conditions on V , we give the exact and optimal decay
rates of ke�tHkq,p as t ! 1 for all 1  p  q  1.
The decay rates of ke�tHkq,p depend whether the op-
erator H is subcritical or critical via the behavior of
the positive harmonic function for the operator H.

�!1 ⇧1 �

On the asymptotic behavior of solutions for
semiliear parabolic equations involving criti-
cal Sobolev exponent

Michinori Ishiwata
Fukushima University, Japan
ishiwata@sss.fukushima-u.ac.jp

In this talk, we are concerned with the asymptotic be-
havior of solutions for semilinear parabolic equations
involving crirical Sobolev exponent. Particularly, we
are interested in the behavior of threshold solutions
and we will discuss the blow up rate, blow-up limit
of such solutions.

�!1 ⇧1 �
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Existence and asymptotic stability of periodi-
cally growing solutions of nonlinear parabolic
equations

Ken-ichi Nakamura
Kanazawa University, Japan
k-nakamura@se.kanazawa-u.ac.jp
Toshiko Ogiwara

We study the behavior of unbounded global orbits
in a class of strongly monotone semiflows and give
a criterion for the existence of orbits with periodic
growth. We also prove the uniqueness and asymp-
totic stability of such orbits. We apply our results
to a certain class of nonlinear parabolic equations
and show the convergence of the solutions to a peri-
odically growing solution which grows up in infinite
time with time-periodic profile.

�!1 ⇧1 �

Convergence for asymptotically autonomous
parabolic equations on RN

Peter Polacik
University of Minnesota, USA
polacik@math.umn.edu
J. Foldes

We consider parabolic equation on RN whose non-
linearities are asymptotically autonomous, in both
space and time, as time approaches infinity. We will
present a convergence result for positive solutions of
such equations and discuss the key tools of its proof.

�!1 ⇧1 �

Ground state solutions of the nonlinear
Schroedinger equation with interface

Wolfgang Reichel
Karlsruhe Institute of Technology (KIT), Germany
wolfgang.reichel@kit.edu
Tomas Dohnal, Kaori Nagatou, Michael Plum,
Wolfgang Reichel

We consider the nonlinear Schroedinger equa-
tion ��u + V (x)u = �(x)|u|p�1u in Rn with
V (x) = V1(x), �(x) = �1(x) where x1 � 0 and
V (x) = V2(x), �(x) = �2(x) where x1  0 with
functions V1, V2,�1,�2 which are periodic in each
coordinate direction. This problem describes the in-
terface of two periodic media, e.g. photonic crystals.
We study the existence of ground state solutions and
provide an existence criterion. Examples of inter-
faces satisfying these criteria are provided. In 1D
it is shown that the criteria can be reduced to con-
ditions on the linear Bloch waves of the operators

� d2

dx2 + V1(x) and � d2

dx2 + V2(x).

�!1 ⇧1 �

On the number of maximum points of least
energy solutions to a two-dimensional Hénon
equation with large exponent

Futoshi Takahashi
Osaka City University, Japan
futoshi@sci.osaka-cu.ac.jp

In this talk, we prove that least energy solutions
of the two-dimensional Hénon equation

��u = |x|2↵up (x 2 ⌦), u > 0 (x 2 ⌦),

u = 0 (x 2 @⌦),

where ⌦ is a smooth bounded domain in R2 with
0 2 ⌦, ↵ � 0 is a constant and p > 1, have only
one global maximum point when ↵ > e � 1 and the
nonlinear exponent p is su�ciently large. This an-
swers positively to a recent conjecture by C. Zhao
(preprint, 2011).

�!1 ⇧1 �

On Toda system: classification and applica-
tions

Juncheng Wei
Chinese University of Hong Kong, Hong Kong
wei@math.cuhk.edu.hk
Chang-Shou Lin, Dong Ye

We give a complete classification of the solutions
to the following SU(N + 1) Toda system with a
single source:

�ui +
NX

j=1

aije
uj = 4⇡�i�0

in R2. here the matrix (aij) is the SU(N +1) cartan
matrix. Then we apply these classification and non-
degeneracy result to give a rigorous proof of the exis-
tence of non-topological solutions for SU(3) Chern-
Simons system.

�!1 ⇧1 �

Slowly traveling waves, blow-up at spatial
infinity and homoclinic orbits in nonlinear
parabolic equations of fast di↵usion type

Michael Winkler
University of Paderborn, Germany
michael.winkler@mathematik.uni-paderborn.de

We consider the spatially one-dimensional nonlin-
ear di↵usion equation ut = upuxx for p > 0. We
construct positive classical solutions, defined for
all negative times, which are of the form u(x, t) =

(�t)� 1
pF

⇣
x + 1

p↵
ln(�t)

⌘
, with arbitrary ↵ > 0, by

solving an associated ODE for F . These ‘ancient
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slowly traveling wave solutions’ have the following
properties: 1.) If p  2 then u blows up at time t = 0
with empty blow-up set. 2.) If p > 2 then u can be
extended so as to become an entire positive classical
solution ū, defined on R ⇥ R, such that ūx > 0 on
R, but such that ū connects the trivial equilibrium
to itself in the sense that ū(x, t) ! 0 as t ! ±1,
locally uniformly with respect to x 2 R.

�!1 ⇧1 �

Asymptotic behavior of singular solutions for
a semilinear parabolic equation

Eiji Yanagida
Tokyo Institute of Technology, Japan
yanagida@math.titech.ac.jp
Masaki Hoshino, Shota Sato

We consider singular solutions of a semilinear
parabolic equation with a powernonlinearity. It is
known that in some range of parameters, this equa-
tion has a family of singular steady states with a
separation property. In this case,we show the exis-
tence of time-dependent singular solutions and study
their asymptotic behavior. In particular, we prove
the convergence of solutions to the singular steady
states and give exact convergence rates.

�!1 ⇧1 �


